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Shed no tear! O shed no tear! The flower will bloom another year.

– John Keats, Faery Songs I (1818)

2.1 Limit

2.1.1 Convergence and Divergence of a Sequence

Definition 2.1 (Convergence) Given a sequence (S = x1, x2, x3, ...), we say the sequence S approaches to a limit
L if, ∀ε > 0 no matter how small that is, ∃ N ∈ Z, s.t. |xN − L| < ε for every i > N . If such a limit exists, the
sequence is convergent.

What does this mean? Well, assuming the sequence is infinitive, if we have a limit L for the sequence in
question, then the sequence is going to infinitely getting closer (but not necessarily approaches) L. In such
case, we are able to declare any value of ε (don’t care what is epsilon, it is just a random number you
pick), there is always a xN with an absolute value of difference |L− xN | that is smaller than ε. In addition,
every index i larger than this N will have an absolute value of the difference |L− xi| not greater than their
preceding terms |L−xN |. (For example |L−x29| ≤ |L−x28| ≤ |L−x27| ≤ . . . ≤ |L−xN | < ε). That means,
to prove a limit exists for a sequence of values, we have to make sure:

1. The absolute value of |xi − L| < ε for every i > N ;

2. Such difference never increases (as the index i increases).

In such case, we say the sequence is convergent. Note we say absolute value because the sequence may
get into this behavior: xi = 8/−2i−1, so that it develops as following 8,-4,2,-1,0.5,-0.25 ..., but it still
converges to 0. If there is no real number L with this property, the limit is said to be ”does not exist (DNE)”,
the sequence is said to be divergent. All sequences not convergent is divergent.

Warning: Convergence and divergence is so important in statistics, so you will see these words pretty often
in advanced methods. So a solid grasp of this definition is important.

Please do not think convergence has to carry through a function’s entire domain. A function may be con-
vergent in only a part of its domain, and divergent in other parts. Almost all divergent sequences are
limit-DNE, however, this is not necessarily true: a divergent limit S = xi may have a limit of positive in-
finity if: ∀M,∃xi > M , no matter how large the M is. Conversely, a divergent sequence S = xi may have a
limit of negative infinity if: ∀M, ∃xi < M , no matter how small the M is. In such case, we wrote:
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limxi = ±∞ (2.1)

You may be curious though, what if the sequence keeps increasing or keeps decreasing? Is there a way to
classify them? Yes! Such sequences are said to be monotonic. A sequence Si that keeps increasing when
i → ∞ is said to be monotonically increasing, and a sequence that keeps decreasing when i → ∞ is said to
be monotonically decreasing. Monotonicity is an important property of some functions or sequences, but we
will suspend the discussion of this term until not too far.

Definition 2.2 (Bounds) A sequence S = xi of real numbers is called bounded from above if there is a real number
k such that k ≥ xi for all xi in S. The value k is called an upper bound of S. The terms bounded from below and lower
bound are similarly defined. S is bounded only if it has both upper and lower bounds.

With the definitions we set up above in mind, we may conclude some properties of convergent sequences.

Corollary 2.3 Every convergent sequence is bounded.

Corollary 2.4 A monotonic, bounded sequence is always convergent.

The proof of the Corollary 2.3 and 2.4 are very easy, so they are left as a homework question. We have to
note though, the converse versions of both corollaries are false. The examples are very easy to find.

[Exercise 2.1] Prove that, the converse version of the Corollary 2.3 is false.

Hint: Prove by Contradiction.

When two functions converge to the same limit L, we usually yield some very important information. One
of them is the famous Squeeze theorem.

Theorem 2.5 (Squeeze Theorem) Given two functions f(x) and h(x) that converges to the same limit L, if g(x) is
a function s.t. f(x) ≤ g(x) ≤ h(x) for every x, then g also converges to L.

Figure 2.1: Demonstration of Squeeze theorem

The formal proof of the squeeze theorem can be easily find in many places, here is an example. The dis-
cussion of formal proof deviates from the purpose of this class, so we will leave it for more adventurous
ones.

https://en.wikipedia.org/wiki/Squeeze_theorem
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2.1.2 Convergence and Limits of a Function

The arithmetic on convergence follows very closely to the fundamental arithmetic. In particular, given k as
a constant, an as a sequence converges to A, bn as a sequence converges to B. ”→” means ’converges to’,
We have (assuming for Eq. 2.2.4, B is non-zero):

k(an)→ kA

an ± bn → A±B
an × bn → AB

an
bn
→ A

B

(2.2)

Also, assuming n 6= 0 in Eq 2.3.1 and k > 1 in Eq 2.3.2., we have:

1

nk
→ 0

1

kn
→ 0

(2.3)

[Exercise 2.2] Prove the following the functions are convergent.

1. f(x) = (−1)x 1
x2 (x ∈ Z+)

2. f(x) = 1×3×5×...×(2n−2)
3×5×7×...×2n

Hint: For Exercise 2.2.1. Use Theorem 2.5, For Exercise 2.2.2, use Corollary 2.4.

You may now have noticed: I am starting to write functions. How is the understanding on the conver-
gence of a sequence transferred to the convergence of a function? The answer is quite similar. In the next
paragraph, we will do a ”soft landing” on the convergence of a function.

Limits of Functions

Let f be a real-valued function, and (xn) is the domain of the function f , s.t. xn → a, the function f(x)→ L
when the domain sequence converges to a. We write:

lim
x→a

f(x) = L

There is one note about the limits of the functions, though, which are left-hand and right-hand limits. If
every term i of the sequence xi is larger than a, then we called that limit right-hand limit. We write:

lim
x→a+

f(x) = L (2.4)

In contrast, if every part of the sequence approaches a from the ”left-hand side”, we have a left-hand limit,
which is written as:

lim
x→a−

f(x) = L (2.5)

Corollary 2.6 (Agreement on Left-Right Handside Limit) If a function f(x) has a limit when x approaches to a,
then there must be:

lim
x→a+

f(x) = lim
x→a−

f(x) (2.6)

Otherwise, the limit does not exist as x approaches to a.
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The arithmetic on the limits of functions are very similar to the arithmetic on the convergence of sequences.
Let k as a constant, limx→a f(x) = L1 and limx→a g(x) = L2. Assuming for Eq. 2.4.4, L2 is non-zero, we
write:

lim
x→a

x = a

lim
x→a

k = k

lim
x→a

[f(x)± g(x)] = L1 ± L2

lim
x→a

[f(x)g(x)] = L1L2

lim
x→a

f(x)

g(x)
=
L1

L2

(2.7)

Lemma 2.7 (Squeeze Theorem for Limits) Assume limx→a f(x) = L and limx→a h(x) = L, if there is a posi-
tive number δ s.t. f(x) ≤ g(x) ≤ h(x) for all x satisfying 0 < |x− a| < δ then limx→a g(x) = L.

Assuming the properties on the proof (see links on Theorem 2.5.), the proof of this lemma is then very easy,
so it is left as a homework problem. :)

[Exercise 2.3] Find the value of the limit (if they exist):

lim
x→−∞

(arctan
x

2−
1
x

)

2.1.3 Function Continuity

Definition 2.8 (Continuity) Let f be a real-value function, the function is said to be continuous if the graphical
representation of the function contains no break. Mathematically, it means a function is continuous at a if a limit
exists for limx→a f(x) = f(a).

Be careful to make the statement that a function f is continuous. It is true iff f is continuous for whatever
value you choose in its domain (no need for any value, though). In light of continuity, there are some
theorems that need to keep in mind. They do not make too much concrete sense right now, but we will go
back here pretty often as we continue exploring the beauty of calculus (LOL).

Theorem 2.9 (Extreme Value Theorem) If a function f is continuous on a closed interval [a, b], then f attains an
absolute minimum value, m, at f(c) where c ∈ [a, b], and an absolute maximum value, M at f(d) where d ∈ [a, b].

The formal description of the extreme value theorem is a bit misleading. Students should not misinter-
pret the ”absolute minimum” as the ”global minimum” without a defined scope, as the absolute mini-
mum/maximum here means the minimum/maximum value within the given continuous interval. As of
this point, the theorem solely means, any point x within a continuous interval [a, b] for a function f follows
f(c) ≤ f(x) ≤ f(d), where c is the point for absolute minimum and d is the point for absolute maximum.

Theorem 2.10 (Bolzano’s Theorem) If f is a function that’s continuous on a closed interval [a, b] s.t. f(a) and f(b)
are of the opposite sign, then there must be a point c ∈ [a, b] where f(c) = 0.

This theorem is very intuitive, and is figuratively presented below in Figure 2.3. It is not possible for a
continuous function with values on the opposite sign without crossing the x-axis, so this is true.
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Figure 2.2: Demonstration of Extreme Value Theorem

Figure 2.3: Demonstration of Bolzano’s theorem

Theorem 2.11 (Intermediate Value Theorem) Let f be a function that is continuous on a closed interval [a, b].
Let m be the absolute minimum of f on [a, b], M be the absolute maximum of f on [a, b]. Then, for every number Y s.t.
m ≤ Y ≤M , there is at least one value of c s.t. c ∈ [a, b] and f(c) = Y .

As figuratively presented in Figure 2.4, the IVT demonstrates another property of function continuity.

Figure 2.4: Demonstration of IVT

Theorem 2.12 (Brouwer’s fixed-point theorem) If f is continuous on the interval [0, 1] and if 0 ≤ f(x) ≤ 1 for
every x ∈ [0, 1], then there exists a point c ∈ [0, 1] s.t. f(c) = c

You may wonder why these theorems are mentioned here: these are important inferences you can make
when you concludes continuity of a function in future mathematics topics. You may be surprised these
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theorems are still frequently brought up even in machine learning, and they are not hard to understand
(because we are often interested in the minimum and maximum of something!) In fact, the theorems here
are all obvious except Theorem 2.12, so the proof of this theorem is left as an exercise. Here we go...

[Exercise 2.4.] Prove the Brouwer’s fixed-point theorem.

Hint: Use Bolzano’s theorem.

2.2 Derivatives

We now come to derivatives, where you will use so many (”so many” is an underestimation here) times in
formal demography, Statistics 501, and showing off before your high school classmates. Let us start from a
formal definition:

Definition 2.13 (Derivative) A real-valued function f of a single real variable, the derivative of f is denoted as f ′

whose value at x is

f ′(x) = lim
h→0

f(x+ h)− f(x)

h
(2.8)

Now you may wonder, what the h*** is the h? The h is a hypothetical, small-as-possible value where we can
make inference on how dramatic f(x) increase with a unit of increase on x. Geometrically, this is the slope of
the line crossing the (x, f(x)), (x+ h, f(x+ h)). This line is what we called secant line. Our goal is, however,
to get an h as small as possible. In the extrema, we will have x+ h virtually at the same point as x. We then
get the tangent line. The derivative f ′(x) is the slope of the tangent line, as plotted below in Figure 2.5.

Figure 2.5: Demonstration of Derivatives
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2.2.1 Arithmetic of Derivatives

Before talking about the arithmetic of derivatives, we must, as philosophers always did, talk about the
existence of derivatives. Here is how to think about it: geometrically, functions with derivatives have
”smooth graphs”. Why? because at such a cusp, there is no tangent line we can draw. f(x) = |x| at x = 0
is a very good example, the slope of the tangent line is extremely close to negative infinity on the left-hand
side, but the slope of the same tangent line is extremely close to positive infinity on the right-hand side of
0. Another important note about the differentiability is related to function continuity:

Corollary 2.14 (Differentiability and Continuity) A function f(x) that is not continuous at a is not differen-
tiable at a. A function that is continuous at a does not guarantee differentiability at a.

The easiest way to think about Corollary 2.14 is to prove it by counterexamples. We will leave this to the
discussions in class. Now you may find that we mention the term ”differentiability” in conjunction with
the ”derivative”. There is slight, non-negligible difference between the two terms. My experience is, even
the two terms do not make a big difference in most instances, students get overly confused when they have
two terms that they are so struggling to mentally figure out, so there we go...

FAQ: What is the difference between derivative and differential?

Many times you will find the two terms are referred interchangeably. In short, The derivative of a function
of a real variable measures the sensitivity to change of a quantity (a function value or dependent variable)
which is determined by another quantity (the independent variable), whereas differential is used in calculus
to refer to an infinitesimal (infinitely small) change in some varying quantity. For those who are more
interested, here is a more detailed answer.

Now we have figured out the existence of a derivative. I would like to introduce another form of writing of
derivative. Our goal is to avoid confusion as much as possible. The following writing is doing exactly the
same thing, with the note that ∆ means the ”degree of change”. We named this Leibniz notation, after the
German philosopher Gottfried Wilhelm Leibniz.

f ′(x) = lim
∆→0

f(x+ ∆x)− f(x)

∆x
= lim

∆→0

∆f

∆x
=
df

dx
(2.9)

With these prelogues in mind, we come to the arithmetic of the derivatives. First we introduce the addition,
subtraction, multiplication and division of derivatives. With the latter two formally called product rule and
quotient rule.

(f ± g)′(x) = f ′(x)± g′(x)

(kf)′(x) = kf ′(x)

(fg)′(x) = (f(x)g(x))′ = f ′(x)g(x) + f(x)g′(x)

(
f

g
)′(x) =

f ′(x)g(x)− f(x)g′(x)

[g(x)]2

(2.10)

Next we want to discuss two instances: the derivative of f(g(x)) and the derivative of f−1(y0) at y0 = f(x0).
The first one is the very famous chain rule, where demographers found them doing every day.

https://math.stackexchange.com/questions/23902/what-is-the-practical-difference-between-a-differential-and-a-derivative
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(f ◦ g)′(x) = (f(g(x)) = f ′(g(x))g′(x)

(f−1)′(y0) =
1

f ′(x0)

(2.11)

[Exercise 2.5] Write all of the Equation 2.10 and 2.11 in Leibniz notation form. This exercise is merely
helping you memorize.

In the next part, I will have no choice but to throw you a large chunk of equations to memorize. To make
you feel better, we will try to summarize some rules to help you memorize them. If you recall the FAQ on
Page 2-7, we need to call them differential rules. Here, u is a function and k is a constant.

Some of the easiest ones:
d(k) = 0

d(uk) = kuk−1du

Logarithms and Exponentials:
d(au) = ln(a)audu

d(loga u) =
1

u ln a
du(a 6= 1)

Recall that ln e = 1, we then have special circumstances (where all a = e in above):

d(eu) = eudu

d(lnu) =
1

u
du

You may be surprised the six equations above solve most of the calculus you will meet in social sciences,
however, we don’t want our freshman student in our TA line to laugh at us for not knowing trigonometry,
so here we go:

Sine, Cosine and Tangent:
d(sinu) = cosudu

d(cosu) = − sinudu

d(tanu) = sec2 udu

The memory song starts: sin liked cos, cos hated sin, tan liked no one but square of secs. I know... boring...

The secant, cosecant and cotangent are just following the same rule except mimicking themselves instead
of chasing the other.

d(secu) = secu tanudu

d(cscu) = − cscu cotudu

d(cotu) = − csc2 udu

Finally... for those who are still not mad... I have no clever way to help you memorize this but to give you
different colors. Those who give me a good way to memorize this get some extra credits (lol...)

d(arcsinu) =
du√

1− u2

d(arctanu) =
du

1 + u2
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2.2.2 Implicit Differentiation

For an equation of the form y = f(x) Sometimes we are not able to solve the y explicitly (this means, treating
x as an independent variable on y. For example, considering the following:

x2y5 + y = 2

The fifth-degree equation cannot be solved for y explicitly w.r.t. x (because we cannot separate y from the
x no matter how we manipulate them. We then use a method called implicit differentiation.For implicit
differentiation, we will be differentiate both sides of the equation w.r.t. x. You may want to keep in mind
that even for implicit differentiation, y is still a function of x and every property of such functions shall not
be discarded. If you have understood our Part 2.2.1, you will quickly realize what we need here is the chain
rule:

x2y5 + y = 2

(x25y4y′ + 2xy5) + y′ = 0

y′(5x2y4 + 1) = −2xy5

y′ = − 2xy5

5x2y4 + 1

(2.12)

The y′ here is marked red. Why? I would like to remind you that to differentiate y, we still need to keep the
mark of y′. You can basically understand that as a signal flag writing ”We have processed this part of y”).
We do not leave mark for the 2xy5, because that part was to differentiate w.r.t. x.

Using this technique, we are able to get the slope of the curve at any point. The development of this case
will extend to the implicit function theorem, which we will be introducing in Lecture 3.

[Exercise 2.6] Find the derivative of each of the following: (Show your work)

1.
f(x) = x3e−x

3

− x− 3

2.

g(x) =
log(sin2 x)

cosx

Answer:

1.
3x2e−x

3

(1− x3)− 1

2.
2 cos2 x+ sin2 x log(sin2 x)

cos2 x sinx

[Exercise 2.7] What is the equation of the tangent line through the origin to the curve y = (x4−1)3 log(x+1)?

Answer: 1

[Exercise 2.8] What is an approximate value for e0.1?

Hint: This is what we called ”linear approximations using differential techniques”. Think about the Leibniz
∆ you learned to use.
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Now we have finished discussing the univariate differentiation. We are half-way done! Before the integrals
kick in, we want to discuss one last note about the derivatives.

2.2.3 High-order Derivatives and the Properties of Derivatives

If we differentiate the differentiation of the function f(x), f ′(x), we will get what we call the second derivative,
written as f ′′(x). As this process going on, we can get the nth order derivative, but it is not written with n ′

you want to put after f . For example, the 8th derivative of f(x) is definitely not conventionally written as
f ′′′′′′′′(x), but as something like d8y

dx8 . The property of n-order derivatives are useful in solving the ”minimax
problems”.

Definition 2.15 (Stationary Point) Stationary point (also known as critical point) for a function is where its graph’s
turning point (e.g. an increasing curve starts declining).

Definition 2.16 (Inflection Point) Inflection point is a point on a curve where the direction of the concave opening
changes (e.g. a concave up graph turns to concave down).

In light of the two definitions, the two type of points are very critical to our inference, as it yields inference
on the local extremum and the ”deceleration/acceleration” point, respectively.

Properties of the First Derivative

• When f ′(x) > 0, the slope is positive, and the function is increasing

• When f ′(x) < 0, the slope is negative, and the function is decreasing

• When f ′(x) = 0, the slope is 0, and the function reaches its stationary point, and the function changed
its direction.

• Some also argued that when f ′(x) does not exist because the slope is tangent line or not differentiable,
the point is also called stationary point.

Properties of the Second Derivative

• When f ′′(x) > 0, the curve is convex, and the curve is above its tangent line at x.

• When f ′′(x) > 0, the curve is concave, and the curve is below its tangent line at x.

• When f ′′(x) = 0, the curve of the function reaches its inflection point, and the openings of concave
up/down reversed.

• Some also argued that when f ′′(x) is undefined ,the point is also called inflection point.

• When f ′(a) = 0, f ′′(a) < 0, f(a) is the local maximum.

• When f ′(a) = 0, f ′′(a) > 0, f(a) is the local minimum.

Students need to note though, the local minimum/maximum is not necessarily the min/max value of a
function f given its domain. To formally clarify this, let’s clear up the difference between the local/relative
minimum/maximum and the global/absolute minimum/maximum, and how to get one from another.
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Definition 2.17 (Local/Global Extrema) Maxima and minima (the respective plurals of maximum and minimum)
of a function, known collectively as extrema (the plural of extremum), are the largest and smallest value of the function,
either within a given range (the local or relative extrema) or on the entire domain of a function (the global or absolute
extrema).

The absolute/global minimum/maximum must be the local minimum/maximum. Therefore, to find the
absolute minimum/maximum, you can get all the local minimum/maximum and compare. If a function
is continuous on a closed interval, then by the extreme value theorem (Recall Theorem 2.9) global maxima
and minima exist. Furthermore, a global maximum (or minimum) either must be a local maximum (or
minimum) in the interior of the domain, or must lie on the boundary of the domain. So a method of finding
a global maximum (or minimum) is to look at all the local maxima (or minima) in the interior, and also look
at the maxima (or minima) of the points on the boundary, and take the largest (or smallest) one. Graphically,
it is representated below in Figure 2.6.

Figure 2.6: Local/Global Extrema

Two Important Theories on Differentiable Functions

Theorem 2.18 (Rolle’s Theorem) Given a function f that is continuous on a closed interval [a, b], with f(a) =
f(b), and that f is differentiable at every point in (a, b), there must be at least one point c in (a, b) s.t. f ′(c) = 0

According to Rolle’s Theorems, there must be at least one point c between a and b at which the graph of
y = f(x) has a horizontal tangent line. This could be useful in cases we need to show that at least one
critical point exists within the given interval. Rolle’s theorem is graphically presented in Figure 2.7. Find
the local/global extrema, and label them on Figure 2.7. What did you find?

Rolle’s Theorem is a special case of the mean-value theorem (Theorem 2.19). Take some time to consider
what information can be yielded from the mean-value theorem.

Theorem 2.19 (Mean-Value Theorem) Given a function f that is continuous on a closed interval [a, b]and that f
is differentiable at every point in (a, b), there must be abt least one point c in (a, b) s.t.

f ′(c) =
f(b)− f(a)

b− a
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Figure 2.7: Rolle’s Theorem

Mean-value theorem is graphically presented in Figure 2.8. Briefly, this theorem guarantees at least one
point c between a and b that slope of the tangent line at point c is parallel to the secant line joining
(a, f(a)), (b, f(b)).

Figure 2.8: Mean-Value Theorem

The theory can be useful in proving some of the other important theorems and results: For example As-
sume that f is a continuous, real-valued function, defined on an arbitrary interval I of the real line. If the
derivative of f at every interior point of the interval I exists and is zero, then f is constant in the interior.
This can be easily proved by:

0 = f ′(c) =
f(b)− f(a)

b− a

This implies that f(a) = f(b). Thus, f is constant on the interior of I and thus is constant on I by continuity.
Note: only continuity of f , not differentiability, is needed at the endpoints of the interval I . No hypothesis
of continuity needs to be stated if I is an open interval, since the existence of a derivative at a point implies
the continuity at this point.

For the more adventurous...

The differentiability of f can be relaxed to one-sided differentiability, with a proof given in the article on
semi-differentiability.

Theorem 2.20 (Cauchy’s Mean Value Theorem*) If functions f and g are both continuous on the closed interval
[a, b], and differentiable on the open interval (a, b), then there exists some c ∈ (a, b), such that

(f(b)− f(a))g′(c) = (g(b)− g(a))f ′c

https://en.wikipedia.org/wiki/Semi-differentiability
https://en.wikipedia.org/wiki/Semi-differentiability
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which is equivalent to, if g(a) 6= g(b) and g′(c) 6= 0:

f ′(c)

g′(c)
=
f(b)− f(a)

g(b)− g(a)

Note: as with every other common mathematics text, a problem or theorem with an asterisk * usually means the
understanding of this material is optional, and, failure to understand those material would possibly not impede your
studies in the material coming afterwards.

Geometrically, this means that there is some tangent to the graph of the curve. which is parallel to the line
defined by the points (f(a), g(a)) and (f(b), g(b)). However, Cauchy’s theorem does not claim the existence
of such a tangent in all cases where (f(a), g(a)) and (f(b), g(b)) are distinct points, since it might be satisfied
only for some value c with f(c) = g(c) = 0, in other words a value for which the mentioned curve is
stationary. Take a closer look at the Figure 2.9.

Figure 2.9: Cauchy’s Mean-Value Theorem

Proof: Suppose g(a) 6= g(b). Define h(x) = f(x)rg(x), where r is fixed in such a way that h(a) = h(b),
namely

h(a) = h(b) ⇐⇒ f(a)− rg(a) = f(b)− rg(b)

h(a) = h(b) ⇐⇒ r(g(b)− g(a)) = f(b)− f(a)

h(a) = h(b) ⇐⇒ r =
f(b)− f(a)

g(b)− g(a)

Since f and g are continuous on [a, b] and differentiable on (a, b), the same is true for h. All in all, h satisfies
the conditions of Rolle’s theorem... The rest of the proof is very easy, so it is left as an extra credit homework
problem.

We have then completed the first half of the Lecture 2. Take a little break, and work on the Practice
Question Set 3. A good way to learn calculus is to do a lot of problems. My math teacher in my high school
told me: an even better way to learn calculus? do even more than a lot of problems!
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2.3 Integration

The second half of this lecture is devoted to two topics: integration and series. Part 2.3 concerns the indefinite
and definite integral on univariate cases. Part 2.4 concerns infinite series, power series, Taylor series, Taylor
polynomials and its applications.

2.3.1 Indefinite integral

Definition 2.21 (Indefinite integral) An indefinite integral of a function f(x) is a function F (x) whose derivative
is f(x). Indefinite integral is also called antidifferentiation. The notation of an indefinite integral of f(x) is written as:∫

f(x)dx

Here, the function f(x) being integrated is called integrand. The dx part reads ”the differential of x”, which
specifies the variable of the integration. Indefinite integrals are not unique because the derivative of a
constant would vanish to 0. Such possibilities of a constant is denoted as c. Therefore, this whole thing
reads as ”the indefinite integration (antiderivative) of f with respect to t”.

Techniques of Integration

Fair Warning: The techniques of integration is generally a bit harder to understand than the techniques of
differentiation. Therefore, it is of students’ benefits to practice more problem sets to familiarize themselves
with the skills.

Method 1:(Integration by Substitution) This method is most suitable when the function being integrated can
be separated into several parts where other parts can be substituted and transformed as the derivative (or
the original) form of the remaining one (more complicated) part the function, which is substituted as u.

Complicated, huh? The best way to think about it is to give a good example, probably... Consider:∫
x2(x3 + 4)5dx

We don’t want to integrate (x3 + 4)5 by brute force. So, we observe the function and found x2 is one-third
of the derivative of (x3 + 4). Good! We can then substitute (x3 + 4) as u, and x2 would then be du/3, which
would produce: ∫

u5 1

3
du

It is then very easy to solve.

Method 2:(Integration by Parts) This method is best understood as the ”reverse product rules”. Recall the
product rules for differentiation. We have: ∫

udv = uv −
∫
vdu

Integration by substitution won’t help here because we cannot divide the function easily into parts where
one is another’s derivative. Integration by parts work here: the more easier-to-integral part (obviously is the
x in the next example) as dv and the other part as u. This method is most suitable when the components of
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the function were not in a very high order, so each component can be easily decomposed into the derivative
or antiderivative of a computationally-easy form. For example, integrate:∫

x log xdx

Here, it is definitely easier to integrate x, so we set u = log x and dv = x. The rest steps are obvious.

Method 3:(Integration by Trig Substitutions) This method is a bit exclusive for the integrals with the ex-
pressions

√
a2 − u2,

√
a2 + u2,

√
u2 − a2, where a is a positive constant, and our goal is to simplify it by

manipulating the variable using trigonometric function. To help you memorize, we have crafted a table
below in Figure 2.10.

Figure 2.10: Integral by Trig Substitution

Probably the easiest way to make sense of this technique is through an example, Let’s try:

[Exercise 2.9] Evaluate the integral:

∫
1

x2
√
x2 + 1

dx

You can try to use the basic substitution, but it won’t work. Instead, let us follow the second row of the
table and x = tan θ, dx = sec2 θdθ. So:

∫
1

x2
√
x2 + 1

dx =

∫
1

tan2 θ
√

(tan θ)2 + a
(sec2 θdθ)

=

∫
sec θ

tan2 θ
dθ

=

∫
cos θ

sin2 θ
dθ

= − csc θ + C

(2.13)

Before the last step, we let u = sin θ, du = cos θdθ. The result is obvious.

Now, the last step is to change the results back to the original variable, as x = tan θ, csc θ would be
√
x2+1
x .

Therefore, the final results would be:

−
√
x2 + 1

x
+ C
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We now realize: (1) it is actually pretty important to learn the derivative and antiderivative of a trig function,
even if you are not directly working with trig variables; (2) Method 3 is for special circumstances, so it is
easy to identify when we need to do this.

Method 4:(Integration by Partial Fraction Decomposition) If the integrand is a rational fraction of x, s.t. P (x)
Q(x) ,

where the degree of polynomials in P is smaller than Q, we have the motivation to express P (x)
Q(x) in a sum

of simpler rational functions for quicker integration. For example:∫
1

x4 − x2
dx

We are able to factor this into:

1

x4 − x2
=

1

x2(x2 − 1)
=

1

x2(x+ 1)(x− 1)

The next step is to further simplify it, until each polynomial term cannot be further separated

1

x2(x+ 1)(x− 1)
=
A

x
+
B

x2
+

C

x+ 1
+

D

x− 1

Then we need to figure out the value of the constants A,B,C,D. Of course, you may want to multiply
each side by x2(x2 − 1). However, this is not ideal in some cases, as the computation will get unnecessarily
heavy. A suggested approach is to reduce the complexity of the denominator on the left-hand side little by
little, and set x value wisely to get the constant A,B,C,D one by one.

Students using this method should note that sometimes we may get irreducible quadratic factor. For exam-
ple, if we are evaluating the integral of ∫

2x− 3

x3 + x

Then, x2 + 1 becomes the irreducible quadratic expression which warrants a one-degree polynomial nu-
merator to yield correct decomposition results, specifically:

2x− 3

x3 + x
=
A

x
+
Bx+ C

x2 + 1

The rest of the decomposition should be easy, so they are left as an exercise.

[Exercise 2.10] Evaluate the following integral:

1. ∫
1

x2 − 4

2. ∫
2x− 3

x3 + x

3. ∫
x4 + x3 + x2 + 1

x2 + x− 2
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Hint: For Question 3, Because the degree of the numerator is not less than the degree of the denominator,
we must first do polynomial division. Then factor and decompose into partial fractions.

Common Integrals

Again, we are going to throw a snowfall of equations to remember here. We will nonetheless try to catego-
rize it and make it less painful, but it is still messy...

Some of the easiest ones: ∫
kdu = ku+ C∫

ukdu =
1

k + 1
uk+1 + C

Of course, k 6= −1. However, if k = −1: ∫
1

u
du = log |u|+ C

Exponential and Logarithm: ∫
audu =

1

ln a
au + C

As such, ∫
eudu = eu + C

Trig: The trick to memorize this is the sine and cosine is basically the reverse of differentiation. The secant
and cosecant has to be squared and corresponding similar (beware of the sign!). Linked the memory of Eq
5 and 6 with Eq 3 and 4. ∫

sinudu = − cosu+ C∫
cosudu = sinu+ C∫

sec2 udu = tanu+ C∫
csc2 udu = − cotu+ C∫

secu tanudu = secu+ C∫
cscu cotudu = − cscu+ C

Finally:

∫
du√

1− u2
= arcsinu+ C∫

du

1 + u2
= arctanu+ C

That’s all!! Take time to memorize them! You don’t want to cheatsheet every time you integrate something.
The indefinite integral does not have a fixed value because of the random constant C. To counter this,
sometimes we are more interested in integrating based on a fixed interval, which yields definite integral.
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2.3.2 Definite Integral

In the geometric explanation of differentiation, we learned that the geometric thinking of derivative is
finding the slope of the line tangent to a curve. What is the motivation for the integral? It is to find the area
under the curve. The smaller each progression (∆x) is, the more precise value we will have. Technically,
this idea is called the Riemann sum, which is named after German mathematician Bernhard Riemann.

Definition 2.22 (Riemann sum) Riemann sum is calculated by dividing the region up into shapes (rectangles,
trapezoids, parabolas, or cubics) that together form a region that is similar to the region being measured, then calcu-
lating the area for each of these shapes, and finally adding all of these small areas together. This approach can be used
to find a numerical approximation for a definite integral even if the fundamental theorem of calculus does not make it
easy to find a closed-form solution.

So, we can think about the Riemann sum as an approximation that takes the form
∑
f(x)∆x. We graphi-

cally presented it in Figure 2.11. The yellow-colored approximation is obviously the most precise one. Of

Figure 2.11: Riemann Sum

course, we do not want to have crayons, papers and rulers every time to calculate the definite integral. We
need a more formal way to evaluate the area under a curve. Such method is called the fundamental theorem
of calculus. The name itself does not make any sense because it sounds superior than others, but hopefully
you get a reasonable call albeit its inappropriateness.

Definition 2.23 (Fundamental theorem of Calculus) The definite integral of f can be computedby first determin-
ing an indefinite integral of f, and calculate the difference between the two boundaries of the interval [a, b]. That is, let
f(x) be a continuous function on the interval [a, b].The area bounded by the x-axis and the curve y = f(x) from x = a
to x = b, is noted by: ∫ b

a

f(x)dx = F (b)− F (a) = F (x)|10

Such a and b are called the limits of integration.

It is very, very important to note the place of b and a. It is counter-intuitive to many people, but we have no
way to change it.
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Techniques on the Definite Integrals ∫ b

a

f(x)dx = −
∫ a

b

f(x)dx∫ a

a

f(x)dx = 0

∫ c

a

f(x)dx =

∫ b

a

f(x)dx+

∫ c

b

f(x)dx

∫ b

a

[f(x)± g(x)]dx =

∫ b

a

f(x)dx±
∫ b

a

g(x)dx

If f(x) ≤ g(x) for all x ∈ [a, b], then: ∫ b

a

f(x)dx ≤
∫ a

b

g(x)dx

This means if one function is always greater than another function over a defined interval, then the integral
is also greater.

[Exercise 2.11] Evaluate the following.
d

dx

∫ x2

x

t

log t
dt

Hint:

Let f(t) = t
log t , and F (t) be an antiderivative of f(t). Then using chain rule, we will get the result.

2.3.3 Polar Coordinates, and Some Applications of Integration

So far, what we’ve been covered are using Cartesian coordinates, but some graphs are easier defined by
using a different set of coordinates. What we are going to introduce next is the polar coordinates. This is
an optional part of the material, and we won’t talk about it in depth in class, but you should remember
that we are not learning geometry for the sake of becoming a mathematician on geometry. Rather, the solid
understanding of geometry is to get a value of something that makes a lot of sense in the future studies
(most likely in statistics and methodology). The area of a graph is likely its value, the curve is likely how a
variable changes over one or multiple dimensions (time, space, etc.). Many of the concepts we introduced
or will be introducing (such as asymptotes) are very important in the future (such as asymptotic analysis),
but are not coming with rich contextual meanings at this point. You should motivate yourself to learn the
mathematical background of such concepts, so in the future you will have the knowledge on the ”why is
it put that way” thing, which will make you do amazing work, as well as impressing peers beyond your
department.

Definition 2.24 (Polar Corordinate System*) Polar coordinate system is a two-dimensional coordinate system in
which each point on a plane is determined by a distance (r) from a reference point and an angle (θ or ϕ) from a
reference direction.

The reference point (analogous to the origin of a Cartesian system) is called the pole, and the ray from the
pole in the reference direction is the polar axis. The distance from the pole is called the radius, and the angle
is called the angular coordinate, polar angle, or azimuth. Graphically, we plot it in Figure 2.12.
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Figure 2.12: Polar Coordinates

Bonus: A curve on the Cartesian plane can be mapped into polar coordinates. In this animation, y =
sin(6x) + 2 and y = sin(6x) + 2 is mapped onto r = sin(6ϕ) + 2 and r = sin(6ϕ) + 2.

Using polar coordinates is always optional, but sometimes polar coordinates make life so easy! For exam-
ple, the equation for a circle with a radius of 7 centered on the origin will be x2 + y2 = 49. With the polar
coordinates it will be just r = 7. A couple of examples are shown in Figure 2.13.

The polar coordinates r and ϕ can be converted to the Cartesian coordinates x and y by using the trigono-
metric functions sine and cosine:

x = r cosϕ

y = r sinϕ

The Cartesian coordinates x and y can be converted to polar coordinates r and ϕ with r ≥ 0 and ϕ in the
interval (π, π] by:

r =
√
x2 + y2

tanϕ =
y

x

Figure 2.13: Graphs of Polar coordinate equations

With this, you can do so many interesting things! Figure 2.14 is a cardiodid, by name a heart-curve. Note the
number of this figure is 2.14! Valentine! How romantic that is! Why not draw this with the function below
in front of your boyfriend/girlfriend to show how much you love him/her? By the way, if you wonder
how did we get it, here is another fancy animation. (Trick: You can easily plot them in R, MatLAB or Python.)

https://upload.wikimedia.org/wikipedia/commons/5/53/Cartesian_to_polar.gif
https://upload.wikimedia.org/wikipedia/commons/d/d0/Cardiod_animation.gif
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r(ϕ) = 2a(1− cosϕ)

This is so difficult to do with Cartesian coordinates as the equation will be nasty: (x2 +y2)2 +4ax(x2 +y2)−
4a2y2 = 0 Save your life to get prepared for the nastier equations in probability (LOL).

Figure 2.14: Cardiodid

With a truly hearted expression not being enough, you need roses. Who don’t like roses! Easy-breezy! just
use the polar function below:

r = cos(kθ) + c = cos(
n

d
θ) + c

where c is an offset parameter. k is a parameter deciding how many pedals you want on your roses. When
k is even, there are 2k pedals. When k is odd, there are k pedals. A more detailed graph can be shown in
Figure 2.15 below. The offset parameter is best shown through another fancier animation.

Figure 2.15: O’Roses!

https://en.wikipedia.org/wiki/File:Rose_offset_anim.ogv
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Finally, you may also want to discover the Archimedean spiral.

So much for the fun: we now want to introduce you a very important concept: asymptotes. It took your
instructor ten years to spell it right. So I marked it purple...

Definition 2.25 (Asymptote) Asymptote is, in geometric sense, a line (usually a tangent line) such that the dis-
tance between the curve and the line approaches zero as they tend to infinity.

These can be computed using limits and classified into horizontal, vertical and oblique asymptotes depend-
ing on its orientation. Horizontal asymptotes are horizontal lines that the graph of the function approaches
as x tends to ±∞. As the name indicate they are parallel to the x-axis. Vertical asymptotes are vertical lines
(perpendicular to the x-axis) near which the function grows without bound. Oblique asymptotes are diagonal
lines so that the difference between the curve and the line approaches 0 as x tends to ±∞.

Vertical Asymptotes

Must fulfill one of the following:
lim
x→a−

f(x) = ±∞

lim
x→a+

f(x) = ±∞

Horizontal Asymptotes

Must fulfill one of the following (where y = c is the horizontal asymptote):

lim
x→−∞

f(x) = c

lim
x→+∞

f(x) = c

Oblique Asymptotes

A function f(x) is asymptotic to the straight line y = mx+ n(m 6= 0) if

lim
x→+∞

[f(x)− (mx+ n)] = 0

lim
x→−∞

[f(x)− (mx+ n)] = 0

Asymptotic analysis is so important in mathematics and statistics. However, it also assumed some other
knowledge we have not touched upon yet. To more quickly make sense of asymptotic analysis, learn the
material of this class faster! :P

Also, we would like to go back here a bit. We know that e is a number approximate to 2.71828182845..., but
we don’t know where it comes from. This is because by formulas of derivative on page 2-7 to 2-9, we have,
when f(x) = ax

f ′(x) = lim
h→0

ax+h − ax

h
= ax × ( lim

h→0

ah − 1

h
)

In which if we can find (limh→0
ah−1
h ) s.t. it equals to 1, that value a is the value e we desire. In particular,

for an arbitrarily small value h we have:

https://en.wikipedia.org/wiki/Archimedean_spiral
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eh − 1 = h→ eh = 1 + h→ e = (1 + h)1/h

Let h replaced by 1
n .

e = (1 +
1

n
)n so that e = lim

n→∞
(1 +

1

n
)n

[Exercise 2.12] For a ∈ R+, Evaluate the limit of:

lim
x→0

ax − 1

x

.

Solution: Let the f(x) = ax, the derivative of f at x = 0 is

f ′(0) = lim
h→0

ah − 1

h

Substituting f(x) = ax = eln ax, by using the chain rule:

f ′(0) = eln ax × ln a |x=0= ln a

The whole point here is that, you can always make transformation uv = ev lnu and apply chain rule to make
your life easier. Let us practice using another example:

[Exercise 2.13] Find the derivative of the function:

f(x) = x
√
x

2.3.4 L’Hopital’s rule

We will now introduce the L’Hopital ’s rule. This is one of the most frequently and the most powerful
tool for evaluating the limits. You may wonder, why don’t we cover that in Lecture 2.1, where we were
talking about limits? Well, by golly we don’t want you to abuse the L’Hopital’s rule. It is discernible
to the instructors of such classes that students overuse L’Hopital’s rule even in the circumstances that is
inappropriate. Ultimately, if there is only one thing undergrads in Calc II had left to remember, there is
high likelihood that L’Hopital is the one.

Theorem 2.26 (L’Hopital’s Rule for Zero over Zero) Suppose that limx→a f(x) = 0 and limx→a g(x) = 0, and
that functions f and g are differentiable on an open interval I containing a. Assume also that g(x) 6= 0 in I if x 6= a.
Then:

lim
x→a

f(x)

g(x)
= lim
x→a

f ′(x)

g′(x)

so long as the right-hand side limit exists

Theorem 2.27 (L’Hopital’s Rule for Infinity over Infinity) Suppose that functions f and g are differentiable for
all x larger than some fixed number. limx→a f(x) =∞ and limx→a g(x) =∞. Then:

lim
x→a

f(x)

g(x)
= lim
x→a

f ′(x)

g′(x)

so long as the right-hand side limit exists
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Powerful enough? Lemma 2.28 below will show you why people are so obsessed with this rule. Its flexibil-
ity is amazing, which solved questions much more quickly than using brute force.

Lemma 2.28 Theorem 2.26-27 is valid even if a is replaced with right-hand limit a+, left-hand limit a− or infinity
±∞, as long as the replacement is consistent, and other prerequisites of the L’Hopital’s rule hold.

Warning: Great flexibility often comes with serious abuse. To use L’Hopital’s rule, you must confirm (i) the
assumptions hold and (ii) very importantly, both the numerator and the denominator is 0 or ±∞ before the
differentiation. Never confuse L’Hopital’s rule with quotients rule!!!

[Exercise 2.14] Evaluate each of the following limits:

1.

lim
x→0

x2

1− cosx

2.

lim
x→0

√
x− 1

3
√
x− 1

3. * (CR 81)
x1/(x2−1)

Hint: Exercise 2.14-3: Remember log[f(x)]g(x) = g(x) log f(x).

2.3.5 Improper Integral

So far, what we have been talking about are integrals that are bounded by both finite numbers (definite
integral). However, there are cases where this is not true...

Definition 2.29 (Unbounded Improper integral) Integrals over unbounded intervals on one end or both ends are
called unbounded improper integral. Such Improper integrals are evaluable via:

∫ ∞
a

f(x)dx = lim
b→∞

∫ b

a

f(x)dx∫ b

−∞
f(x)dx = lim

a→−∞

∫ b

a

f(x)dx

provided the limit on the right-hand-side exists (this is not to confuse with the right-hand limit!!). If so, such integrals
converge.

Addendum : By unbounded, we mean ±∞, not a finite number.

Corollary 2.30 (Improper integral over R) For an improper integral over the entire R, such integral of the f(x)
converges if: ∫ c

−∞
f(x)dx and

∫ ∞
c

f(x)dx

converges to c, and in such case: ∫ ∞
−∞

f(x)dx =

∫ c

−∞
f(x)dx+

∫ ∞
c

f(x)dx
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If c does not converge, we called such integral divergentunboundedimproperintegral. Complicated, I know...
but we have to throw another case of improper integral, and we are done.

Definition 2.31 (Bounded improper integral) Bounded improper integral is such case when the improper inte-
gral has finite limits but the integrand becomes infinite at one or both of the limits of integration or at a point between
them.

For example, ∫ 1

0

1√
1− x2

dx

has finite limits, but the integrand becomes infinite at x = 1. This is a very classic case of bounded improper
integral.

[Exercise 2.15] Evaluate the integral above.

Answer: π2 .

[Exercise 2.16*] (Additional exercise): Evaluate each of the following improper integrals. Declare if any of
them is divergent.

1. ∫ ∞
e

dx

x lnx

2. ∫ 3

0

x

(x2 − 1)2/3
dx

...And we are done, done, done!!! with the
integral!!!!

Figure 2.16: Yeah!
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2.4 Series

We are now arriving at the last section of the Lecture 2. You should be proud of yourself, since this part of
material is often taught at the last quarter of the 2-semester calculus coursework of a standard 8-credit Penn
State calculus series(known as MATH 140, 141), or the third quarter of the 3-quarter calculus coursework
of a standard 15-credit UW calculus series (known as MATH 124, 125, 126). It only took us a lecture (long,
I admit) to reach here!

2.4.1 Infinite Series

Recall our lecture 2.1 on sequence. If we’re given a sequence (an) = a1, a2, a3, · · · , then

∞∑
n=1

an = a1 + a2 + a3 + · · ·

is called an infinite series. In such case, we can find a sequence (sn) of its partial sums, where, for example,
(an) = ( 1

2 )n, then

s1 = a1 = (
1

2
)1 = 0.5

s2 = a1 + a2 = (
1

2
)1 + (

1

2
)2 = 0.75

s3 = a1 + a2 + a3 = (
1

2
)1 + (

1

2
)2 + (

1

2
)3 = 0.875

...

We can find pretty easily that this infinite series will, no matter how many iterations you want to add up,
approaches 1. This introduced our first formal definition here.

Definition 2.32 (Convergent infinite series) An infinite series converges to a finite limit S iff the sequence of
partial sums converges to S.

Otherwise, the infinite series is said to be divergent.

If you curious about a formal proof of the last example, you can first try to play around this formula:

1 + x+ x2 + · · ·+ xn =
1− xn+1

1− x

In mathematics, such series is called geometric series, let’s get to its formal definition.

Definition 2.33 If r is a constant, then the series
∑
rn is called a geometric series.

∞∑
n=0

rn =
1

1− r

Such geometric series converges iff |r| < 1 and r 6= 0. Note that this series starts from n = 0. The series can
start from any index value n and still converges shall other conditions met, but the sum will change. Geo-
metric series is a good start to understand the concept of geometric distribution in Lecture 7 (Probability).
We will hold the discussion at this point, and go through some common convergence tests.
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Corollary 2.34 (Approach Zero Rule) If the terms an of the series
∑
an do not approach zero as n→∞, then the

series cannot converge.

Note though the converse of this corollary does not necessarily stand. A standard example is the harmonic
series.

Definition 2.35 (harmonic series) Let an = 1
n , then the series

∞∑
n=1

1

n
= 1 +

1

2
+

1

3
+ · · ·

diverges to∞ and is called the harmonic series.

Corollary 2.36 (p-series test) The series following are called p-series. It converges for every p > 1 and diverges
for every p ≤ 1. ∑ 1

np

Corollary 2.37 (The comparison test) Assume that 0 ≤ an ≤ bn, for all n ≥ N , then if
∑
bn converges,

∑
an

converges. Similarly, if
∑
an diverges,

∑
bn diverges.

Corollary 2.38 (The ratio test) Given a series of
∑
an of non-negative terms, for the limit:

lim
n→∞

an+1

an
= L

If the L > 1 then
∑
an diverges. If the L < 1 then

∑
an converges.If the L = 1 then

∑
an is inconclusive.

Note this is probably the most useful and common tests of convergence.

Corollary 2.39 (The root test) Given a series of
∑
an of non-negative terms, for the limit:

lim
n→∞

n
√
an = L

If the L > 1 then
∑
an diverges. If the L < 1 then

∑
an converges.If the L = 1 then

∑
an is inconclusive.

Corollary 2.40 (The integral test) If f(x) is a positive, monotonically decreasing function for x ≥ 1, s.t. f(n) =
an for every positive integer n, then ...

∞∑
n=1

an converges ⇐⇒
∫ ∞

1

f(x)dx converges

However, Corollary 2.37 - 2.40 all assumed nonnegative terms, but we have a lot of series that include
negative terms. In such, we need to include the powerful alternating series test.

Definition 2.41 (Alternating series test) A series of the form
∑∞
n=0(−1)nan = a0 − a1 + a2 − a3 + · · ·where

either all an are positive or all an are negative, is called an alternating series.

Briefly, the alternating series test then says: if |an| decreases monotonically and limn→∞ an = 0 then the
alternating series converges. As such, if we form the

∑
|an| and it converges, we say such original series

converges absolutely. If the
∑
|an| diverges but the alternating series test format converges, we say such

original series converges conditionally. All absolutely convergent series is convergent.
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2.4.2 Power Series

In mathematics, a power series (in one variable) is an infinite series of the form

∞∑
n=0

an (x− c)n = a0 + a1(x− c)1 + a2(x− c)2 + . . .

where an represents the coefficient of the nth term and c is a constant. The power series is like a polynomial
expression of infinite degree. However, the rules on series apply here (such as definitions and convergence
tests) because this is a real series. The power series will converge absolutely if:

lim
n→∞

|an+1x
n+1

anxn
| = |x| lim

n→∞
|an+1

an
| = |x|L < 1

If L > 0, then the power series converges absolutely for all x, if L = ∞, then the power series converges
only for x = 0; and if L is positive and finite, then the power series converges absolutely for |x| < 1

L and
diverges for |x| > 1

L . The set of all values of x for which the power series converges is called the interval of
convergence.

Definition 2.42 (Radius of Convergence) In mathematics, the radius of convergence of a power series is the radius
of the largest disk in which the series converges. It is either a non-negative real number or∞ . When it is positive, the
power series converges absolutely and uniformly on compact sets inside the open disk of radius equal to the radius of
convergence, and it is the Taylor series of the analytic function to which it converges.

Please don’t worry about the last sentence, we will be there later... The radius of convergence for the first
two circumstances are easy, it is, respectively,∞ and 0. In other circumstances, the power series converges
absolutely for all x in the interval (−R,R) and diverges for all x s.t. |x| > R, where the value of R is equal
to 1

L .

This is derived from the famous Cauchy-Hadamard theorem. The following material is optional and will
be way over most people’s heads, but for those who are intellectually interested... here we go...

Theorem 2.43 (Cauchy-Hadamard theorem*) Consider the formal power series in one complex variable z of the
form

f(z) =

∞∑
n=0

cn(z − a)n

where
a, cn ∈ C

.

Then the radius of convergence of f at the point a is given by

1

R
= lim sup

n→∞

(
|cn|1/n

)
where lim sup denotes the limit superior, the limit as n approaches infinity of the supremum of the sequence values
after the nth position. If the sequence values are unbounded so that the lim sup is∞, then the power series does not
converge near a, while if the lim sup is 0 then the radius of convergence is∞, meaning that the series converges on
the entire plane.
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Properties of Functions Defined by Power Series

A function x can be defined by a power series
∑∑∞

n=0 anx
n in x and a function such defined as:

f(x) =

∞∑
n=0

anx
n

Within the interval of convergence of the power series, we have:

1. The function f is continuous, differentiable and integrable.

2. The power series can can be differentiated term by term, and the resulting power series gives the
derivative of f , which is:

f(x) =
∞∑
n=0

anx
n =⇒ f ′(x) =

∞∑
n=0

d

dx
anx

n =
∞∑
n=0

nanx
n

3. The power series can be integrated term by term, and the resulting power series gives an integral of
f , that is:

f(x) =

∞∑
n=0

anx
n =⇒

∫ x

0

f(t)dt =

∞∑
n=0

(

∫ x

0

ant
ndt) =

∞∑
n=0

an
n+ 1

xn+1

Arithmetic of Series

Part (a): General Arithmetic:

1. If
∑
an converges, then

∑
kan converges to k

∑
an for every constant k. If

∑
an diverges, then

∑
kan

diverges for every constant k 6= 0.

2. If
∑
an and

∑
bn both converge, then the series

∑
(an + bn) converges, and∑

(an + bn) =
∑

an +
∑

bn

Part (b): Power Series:

1. Addition and Subtraction When two functions f and g are decomposed into power series around the
same center c, the power series of the sum or difference of the functions can be obtained by termwise
addition and subtraction. That is, if:

f(x) =

∞∑
n=0

an(x− c)n

and

g(x) =

∞∑
n=0

bn(x− c)n

then,

f(x)± g(x) =

∞∑
n=0

(an ± bn)(x− c)n.
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2. Multiplication and Division With the same definitions above, for the power series of the product and
quotient of the functions can be obtained as follows:

f(x)g(x) =

( ∞∑
n=0

an(x− c)n
)( ∞∑

n=0

bn(x− c)n
)

=

∞∑
i=0

∞∑
j=0

aibj(x− c)i+j

=

∞∑
n=0

(
n∑
i=0

aibn−i

)
(x− c)n

The sequence mn =
∑n
i=0 aibn−i is known as the convolution of the sequences an and bn.

For division, if one defines the sequence dn by

f(x)

g(x)
=

∑∞
n=0 an(x− c)n∑∞
n=0 bn(x− c)n

=

∞∑
n=0

dn(x− c)n

then

f(x) =

( ∞∑
n=0

bn(x− c)n
)( ∞∑

n=0

dn(x− c)n
)

and one can solve recursively for the terms dn by comparing coefficients.

[Exercise 2.17] Determine whether the following series converge (Exercise Derived from CR 86).

1.
∞∑
n=1

lnn

n2

2.
∞∑
n=1

n2000

n!

3.
∞∑
n=0

1√
n+ 3

2.4.3 Taylor Polynomial and Taylor Series

How to generate the power series for a given function? Let’s start by using an example of a function f that
has the power series expansion form:

f(x) =

∞∑
n=0

anx
n = a0 + a1x+ a2x

2 + a3x
3 + . . .



Lecture 2: Calculus I 2-31

Substituting x = 0, we get f(0) = a0 immediately, to get the other coefficients, we simply differentiating
the f , and substituting x = 0 again, so we get the value a1. Going through these iterations until we get the
value of all an coefficients. We have:

an =
f (n)(0)

n!

These numbers are called the Taylor coefficients of f , and the power series

f(x) =
∑ f (n)(0)

n!
xn

is the Taylor series of f .

For example, the power series expansions for ex would be

ex =

∞∑
n=0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
+ · · ·

Proof: Let f(x) = ex, then since f (n) = ex for every n, so

an =
f0xn

n!
=
e0

n!
=

1

n!

The rest of the proof is very obvious.

Some Common Taylor series to remember

All of them have to be memorized hahaha... (Understanding why they are there would be helpful and
made the memorization less painful)

1. It starts with... When −1 < x < 1, we have:

1

1− x
= 1 + x+ x2 + x3 + . . . =

∞∑
n=0

xn

1

1 + x
= 1− x+ x2 − x3 + . . . =

∞∑
n=0

(−1)nxn

2. Exponential function

The exponential function ex (with base e) has Taylor series

ex =

∞∑
n=0

xn

n!
= 1 + x+

x2

2!
+
x3

3!
+ · · ·

It converges for all x.

3. Natural logarithm

The natural logarithm (with base e) has Taylor series



2-32 Lecture 2: Calculus I

log(1− x) = −
∞∑
n=1

xn

n
= −x− x2

2
− x3

3
− · · · ,

log(1 + x) =

∞∑
n=1

(−1)n+1x
n

n
= x− x2

2
+
x3

3
− · · · .

They converge for |x| < 1.

4. Geometric series

The geometric series and its derivatives have Taylor series

1

1− x
=

∞∑
n=0

xn

1

(1− x)2
=

∞∑
n=1

nxn−1

1

(1− x)3
=

∞∑
n=2

(n− 1)n

2
xn−2.

All are convergent for |x| < 1. These are special cases of the binomial series given in the next section.

5. Binomial series The binomial series is the power series

(1 + x)α =

∞∑
n=0

(
α

n

)
xn

whose coefficients are the generalized binomial coefficients

(
α

n

)
=

n∏
k=1

α− k + 1

k
=
α(α− 1) · · · (α− n+ 1)

n!
.

(If n = 0, this product is an empty product and has value 1.) It converges for |x| < 1 for any real or complex
number .

When α = 1, this is essentially the infinite geometric series mentioned in the previous section. The special
cases α = 1

2 and α = − 1
2 give the square root function and its inverse:

(1 + x)
1
2 = 1 + 1

2x−
1
8x

2 + 1
16x

3 − 5
128x

4 + 7
256x

5 − . . . ,

(1 + x)−
1
2 = 1− 1

2x+ 3
8x

2 − 5
16x

3 + 35
128x

4 − 63
256x

5 + . . . .

6. Trigonometric functions

The usual trigonometric functions and their inverses have the following Taylor series:
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sinx =

∞∑
n=0

(−1)n

(2n+ 1)!
x2n+1 = x− x3

3!
+
x5

5!
− · · · for all x

cosx =

∞∑
n=0

(−1)n

(2n)!
x2n = 1− x2

2!
+
x4

4!
− · · · for all x

tanx =

∞∑
n=1

B2n(−4)n (1− 4n)

(2n)!
x2n−1 = x+

x3

3
+

2x5

15
+ · · · for |x| < π

2

secx =

∞∑
n=0

(−1)nE2n

(2n)!
x2n for |x| < π

2

arcsinx =

∞∑
n=0

(2n)!

4n(n!)2(2n+ 1)
x2n+1 for |x| ≤ 1

arccosx =
π

2
− arcsinx

=
π

2
−
∞∑
n=0

(2n)!

4n(n!)2(2n+ 1)
x2n+1 for |x| ≤ 1

arctanx =

∞∑
n=0

(−1)n

2n+ 1
x2n+1 for |x| ≤ 1, x 6= ±i

The numbers Bk appearing in the expansions of tanx are the Bernoulli numbers. The Ek in the expansion
of secx are Euler numbers.

[Exercise 2.18*] Learning the Hyperbolic function via the hyperlinks given (or other sources if you prefer).
Using the Taylor series or Taylor polynomial, find the power series expansions for:

1.
sinhx

2.
coshx

This is the end of Lecture 2

https://en.wikipedia.org/wiki/Hyperbolic_function
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